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Abstract—This work focuses on the bearing rigidity theory,
namely the branch of knowledge investigating the structural
properties necessary for multi-element systems to preserve the
inter-units bearings when exposed to deformations. The original
contributions are twofold. The first one consists in the definition
of a general framework for the statement of the principal
definitions and results that are then particularized by evaluating
the most studied metric spaces, providing a complete overview
of the existing literature about the bearing rigidity theory.
The second one rests on the determination of a necessary and
sufficient condition guaranteeing the rigidity properties of a given
multi-element system, independently of its metric space.
I. INTRODUCTION
According to the most general definition, rigidity theory
aims at studying the stiffness of a given system, understood as
a reaction to an induced deformation. The origin of this branch
of knowledge dates back to Euler in 1776 [1], however, in the
centuries, rigidity analysis has been extended from geometric
systems to physical structures, so that nowadays this theory
affects several and different research areas, ranging from
mechanics to biology, and from robotics to chemistry (see [2]
and the references therein). An outstanding result in this
evolution process is constituted by the work of Asimow and
Roth providing the mathematical description of rigid systems
of bars and joints through the notion of a framework [3]. This
corresponds to the graph-based representation of the system
(so that each vertex corresponds to a joint in the structure and
each edge represents a bar connecting two elements), jointly
with a set of elements in Rd, d ≥ 2, describing the position
of the corresponding unit composing the structure [3].
Recently, overcoming the standard bar-and-joints frame-
works, the rigidity theory has enlarged its focus toward au-
tonomous multi-agent systems wherein the connections among
the formation elements are virtual and represent the devices
sensing relations (see, for instance, [4], [5] and the references
therein). The concept of a framework has thus been redefined
by considering also manifolds more complex than the (n-
dimensional) Euclidean space. In these cases, the rigidity
theory turns out to be an important architectural property
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of many multi-agent systems where a common inertial ref-
erence frame should be unavailable but the involved devices
are characterized by sensing, communication and movement
capabilities. In particular, the rigidity concepts and results
suitably fit applications connected to the stabilization and
motion control of mobile robots formations and to sensor
cooperation for localization, exploration, mapping and tracking
of a target (see, e.g., [6]–[13]).
A. Distance vs. Bearing Rigidity
Within the multi-device systems context, rigidity properties
for a given framework deal with agent interactions, according
to the available sensing measurements.1 From this perspec-
tive, the literature differentiates between distance rigidity and
bearing rigidity. When the agents are able to gather only range
measurements, distance constraints can be imposed to preserve
the formation distance rigidity. On the other hand, many
robotic applications employ direction or bearing-based sensors
to achieve coordinated tasks, leading to the extension of the
rigidity theory to the study of bearing-constrained frameworks.
The principal notions about distance rigidity are illustrated
in [6], [7], [14]–[20]. These works explain how distance
constraints for a framework can be summarized into a properly
defined matrix whose rank determines the rigidity properties of
the system analogously to the case of frameworks embedded in
Rd. In such a context, it turns out to be useful to consider the
given multi-agent system as a bar-and-joint structure where the
agents are represented as particle points (joints) in Rd, d ≥ 2,
and the pairs of interacting devices can be thought as being
joined by bars whose lengths enforce the inter-agent distance
constraints.
Bearing rigidity in R2 (in literature also referred to as
parallel rigidity) is instead determined by normal constraints
over the directions of interacting devices, namely the edges of
the graph associated to the framework, as explained in [21]–
[24]. These constraints entail the preservation of the angles
formed between pairs of interconnected agents and the lines
joining them, i.e., the inter-agent bearings. Similar inter-agent
direction constraints can be stated to access the rigidity prop-
erties of frameworks embedded in Rd with d > 2, where the
bearing between two agents coincides with their normalized
relative direction vector [10]–[12], [25]–[28]. In both cases,
the agents are modeled as particle points, and the necessary
and sufficient condition to guarantee the rigidity properties of
a given framework rests upon the rank and eigenvalues of a
matrix summarizing the involved constraints.
1In accordance with the literature on rigidity theory, in the rest of the paper
we assume to deal with homogeneous multi-agent systems whose elements
are characterized by the same sensing capabilities.
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2Dealing with a more realistic scenario, in [29]–[34] bearings
are assumed to be expressed in the local frame of each agent
composing the framework. This implies that each device in the
group is modeled as a rigid body having a certain position and
orientation w.r.t. a common inertial frame which is supposed
to be unavailable to the group. In particular, in [29], [30]
the attention is focused on multi-agent systems acting in the
plane, in [31]–[33] the study is extended to the 3D space
although limiting the agents attitude kinematics to rotations
along only one axis, while in [34] fully-actuated formations are
considered by assuming to deal with systems of agents having
six controllable degrees of freedom (dofs). Analogously to
the former cases, the rigidity properties of the aforementioned
multi-agent systems can be established through the definition
and the spectral analysis of a matrix accounting for the inter-
agent sensing interplay.
B. A Bearing Rigidity General Framework and Unified View
In the past, distance rigidity has been deeply investigated
from the theoretical perspective and the related multi-agent
systems applications are nowadays copious, mainly focusing
on formation control and localization (see, e.g., [35]–[37] for
a comprehensive overview). Bearing rigidity theory, instead,
has been developed only recently, gaining popularity in the
last years as a multi-agent systems control strategy.
Motivated by the similarities emerging from the existing
literature, the first contribution of this work proposes a unified
and general framework for a bearing rigidity theory indepen-
dent of the choice of agent sensing and actuation constraints.
This allows to understand the similarities and differences of
the current state-of-the-art results. To this end, Tab. I in Sec. IV
provides a comprehensive overview of the principal features of
the bearing rigidity theory for frameworks defined on different
domains. A distinguishing feature of this contribution is the
explicit consideration of frameworks over directed graphs.
Rigidity theory for directed frameworks remains vastly un-
explored and this work aims to provide a formal foundation
for approaching this topic. This unified view reveals that all
notions of bearing rigidity are related through the so-called
rigidity matrix. The second contribution of this work consists
in the determination of a necessary and sufficient condition
to check the rigidity properties of a given multi-agent system,
independent of the agents domain. Along this line, a unified
view is proposed to interpret the main bearing rigidity notions.
The rest of the paper is organized as follows. Sec. II
summarizes some notions on graph theory and states the
notation used in the rest of the work. Sec. III is devoted to the
general definition of the basics of the bearing rigidity theory
that are then particularized in Sec. IV for specific domains.
In Sec. V a unified framework is proposed to accommodate
rigidity in the different domains, while Sec. VI is devoted to
a brief discussion about degenerate formation cases. Finally,
the main conclusions are drawn in Sec. VII.
II. PRELIMINARIES AND NOTATION
A graph is an ordered pair G = (V, E) consisting of the
vertex set V = {v1 . . . vn} and the edge set E = {e1 . . . em} ⊆
V × V , having cardinality |V| = n and |E| = m, respectively.
We distinguish between undirected, directed, and oriented
graphs. An undirected graph is a graph whereby edges have
no orientation, thus ek = (vi, vj) ∈ E is identical to eh =
(vj , vi) ∈ E . Contrarily, a directed graph is a graph whereby
edges have orientation so that the edge ek = (vi, vj) ∈ E is
directed from vi ∈ V (head) to vj ∈ V (tail). An oriented
graph is an undirected graph jointly with an orientation that
is the assignment of a unique direction to each edge, hence
only one directed edge (ek = (vi, vj) or eh = (vj , vi)) can
exist between two vertices vi, vj ∈ V .
For any graph G = (V, E), the corresponding complete
graph K = (V, EK) is the graph characterized by the same
vertex set V , while the edge set is completed so that each
pair of distinct vertices is joined by an edge if G is undi-
rected/oriented (|EK| = n (n− 1) /2) and by a pair of edges
(one in each direction) if G is directed (|EK| = n (n− 1)).
For a directed/oriented graph, the incidence matrix
E ∈ Rn×m is the {0,±1}-matrix defined as
[E]ik =

−1 if ek = (vi, vj) ∈ E (outgoing edge)
1 if ek = (vj , vi) ∈ E (ingoing edge)
0 otherwise,
(1)
and, in a similar way, the matrix Eo ∈ Rn×m is given by
[Eo]ik =
{
−1 if ek = (vi, vj) ∈ E (outgoing edge)
0 otherwise.
(2)
We introduce also the matrices E¯ = E ⊗ Id ∈ Rdn×dm and
E¯o = Eo ⊗ Id ∈ Rdn×dm, where ⊗ indicates the Kronecker
product, Id is the the d-dimensional identity matrix, and d ≥ 2
refers to the dimension of the considered space.
The d-sphere embedded in Rd+1 is denoted as Sd. Thus,
S1 represents the 1-dimensional manifold on the unit circle
in R2, and S2 represents the 2-dimensional manifold on the
unit sphere in R3. The vectors of the canonical basis of Rd
are indicated as ei, i ∈ {1 . . . d}, and they have a one in the
(imod d)-th entry and zeros elsewhere.
Given a vector x ∈ Rd, its Euclidean norm is denoted as
‖x‖. We define the operator P : Rd → Rd×d,
P (x) = Id − x‖x‖
x>
‖x‖ , (3)
that maps any (non-zero) vector to the orthogonal complement
of the vector x (orthogonal projection operator). Hence,
P (x)y indicates the projection of y ∈ Rd onto the orthogonal
complement of x ∈ Rd. Given two vectors x,y ∈ R3, their
cross product is denoted as x×y = [x]× y = − [y]× x, where
the map [·]× : R3 → so(3) associates each vector x ∈ R3
to the corresponding skew-symmetric matrix belonging to the
Special Orthogonal algebra so(3).
Given a matrix A ∈ Rp×q , its null space and image space
are denoted as ker (A) and Im (A), respectively. The dimen-
sion of Im (A) is indicated as rk (A), whereas null (A) stands
for the nullity of the matrix, namely null (A) = dim(ker (A)).
We recall that the well-known rank-nullity theorem asserts
that rk (A) + null (A) = q. Finally, we use the notation
diag(Ak) ∈ Rrp×rq to indicate the block diagonal matrix
associated to the set {Ak ∈ Rp×q}rk=1.
3III. GENERAL DEFINITION FRAMEWORK
FOR BEARING RIGIDITY
In this section we introduce the main concepts related to
the bearing rigidity theory, by providing a general definition
framework independent of the multi-agent system domain.
A. Framework Formation Model
Consider a generic formation of n ≥ 3 agents, wherein each
agent is associated to an element of the metric space Di de-
scribing its state in terms of controllable variables, denoted as
χi ∈ Di. Thus, χi ∈ Di coincides with the i-th agent position
when when modeled as a particle point, or with the pair of
its position and (partial/full) attitude when a rigid body model
is assumed. In addition, each agent is provided with bearing
sensing capabilities, i.e., it is able to recover relative direction
measurements w.r.t. some neighbors. From a mathematical
point of view, such an n-agent formation can be modeled as
a framework in the product metric space D¯ := ∏ni=1Di, with
configuration variable χ = {χ1 . . . χn} ∈ D¯.
Definition III.1 (Framework in D¯). A framework in D¯ is an
ordered pair (G, χ) consisting of a (directed or undirected)
graph G = (V, E) with |V| = n, and a configuration χ ∈ D¯.
The framework model characterizes a formation in terms of
both the agents (controllable) state and interaction capabilities.
The configuration can thus be thought of as an embedding
of the graph into the metric space D¯, where agent positions
are associated with nodes in the graph, and edges indicate
availability of bearing information to its incident nodes. Note
that G can be directed or undirected since agent interactions
can be unidirectional or bidirectional. In rigidity theory, it
is typically assumed that the graph is not time-varying, and
we adopt this assumption here. In general, we also accounts
for non-degenerate formations, as defined below, although the
degenerate case is discussed in Sec. VI.
Definition III.2 (Non-Degenerate Formation). An n-agent
formation modeled as a framework (G, χ) in D¯ is non-
degenerate if the agents are univocally placed, i.e., all agents
are not collinear, and no two agents have the same position.
Equivalently, the matrix of the coordinates describing their
positions is of rank greater than 1.
Moreover, except for Sec. V-C, homogeneous formations
are taken into account.
Definition III.3 (Homogeneous Formation). A n-agent for-
mation modeled as a framework (G, χ) in D¯ is homogeneous
if all the agents are characterized by the same controllable
variables, i.e., Di = D for all i ∈ {1 . . . n}, hence D¯ := Dn.
For a given formation, the bearing rigidity properties are
related to the agents sensing capabilities. Each bearing mea-
surement is associated to an element of the metric space M.
According to the framework model, any edge ek = eij =
(vi, vj) ∈ E (|E| = m) represents a bearing measurement
bk = bij ∈ M recovered by the i-th agent which is able
to sense the j-th agent, i, j ∈ {1 . . . n}, i 6= j. The bearing
measurements domain thus can be defined as M¯ :=Mm. The
available measurements can be expressed in a common frame
or in local frames attached to each agent/node. However, in
both cases these are related to the framework configuration
according to the following definition where an arbitrary edge
labeling is introduced.
Definition III.4 (Bearing Rigidity Function). Given an n-
agent formation modeled as a framework (G, χ) in D¯, the
bearing rigidity function is the map associating the configu-
ration χ ∈ D¯ to the vector bG (χ) = [b>1 . . . b>m]> ∈ M¯
stacking all the available bearing measurements.
Hereafter, the framework model is adopted to refer to an
n-agent formation (implying n ≥ 3) and the two concepts
(framework and formation) are assumed to be equivalent.
Observe also that the bearing rigidity function determines
the shape of the framework. One of the central questions in
the bearing rigidity theory is if a given framework with its
bearing rigidity function uniquely defines the shape. This will
explored in the sequel.
B. Static Rigidity Properties
Def. III.4 allows to introduce the first two notions related
to the bearing rigidity theory, namely the equivalence and the
congruence of different frameworks.
Definition III.5 (Bearing Equivalence). Two frameworks
(G, χ) and (G, χ′) are bearing equivalent (BE) if bG (χ) =
bG (χ′).
Definition III.6 (Bearing Congruence). Two frameworks
(G, χ) and (G, χ′) are bearing congruent (BC) if bK (χ) =
bK (χ′), where K is the complete graph.
Accounting for the preimage2 under the bearing rigidity
function, the set Q (χ) = b−1G (bG (χ)) ⊆ D¯ includes all
the configurations χ′ ∈ D¯ such that (G, χ′) is BE to (G, χ),
while the set C (χ) = b−1K (bK (χ)) ⊆ D¯ contains all the
configurations χ′ ∈ D¯ such that (G, χ′) is BC to (G, χ).
Trivially, if follows that C (χ) ⊆ Q (χ).
The definition of these sets allows to introduce the (local
and global) property of bearing rigidity.
Definition III.7 (Bearing Rigidity in D¯). A framework (G, χ)
is (locally) bearing rigid (BR) in D¯ if there exists a neighbor-
hood U (χ) ⊆ D¯ of χ such that
Q (χ) ∩ U (χ) = C (χ) ∩ U (χ) . (4)
Definition III.8 (Global Bearing Rigidity in D¯). A framework
(G, χ) is globally bearing rigid (GBR) in D¯ if every framework
which is BE to (G, χ) is also BC to (G, χ), or equivalently if
Q (χ) = C (χ).
Fig. 1 provides a graphical interpretation of condition (4)
highlighting the relation between the sets Q (χ) , C (χ) and
U (χ). The requirement of “closeness” in the configurations
space is missed in Def. III.8 of global bearing rigidity. As
a consequence, this property results to be stronger than the
previous one as proved in the next theorem.
2Let f : X → Y be a function. Let A ⊂ X , and B ⊂ Y . Then f (A) =
{f (x) ∈ Y : x ∈ A} is called the image of A under f , and f−1 (B) =
{x ∈ X : f (x) ∈ B} is called preimage of B under f .
4D¯
Q(χ)
C(χ)
U(χ)
•χ
•
bK(χ)
bK(·)
M|EK|
•
bG(χ)
bG(·)
M¯ =M|E|
manifold projection
Figure 1: Graphical interpretation of condition (4).
Theorem III.1. A GBR framework (G, χ) is also BR.
Proof. For a GBR framework (G, χ), it holds that Q (χ) =
C (χ). Consequently, condition (4) is valid for U (χ) = D¯
demonstrating that the framework is BR.
C. Dynamic Rigidity Properties
All the properties previously defined concern rigidity for
static frameworks. In real-world scenarios, however, agents in
a formation are generally able to move. For this reason, in this
section we assume to deal with dynamic agent formations, i.e.,
frameworks (G, χ) where the configuration can change over
time, namely χ = χ(t) ∈ D¯, while the agent sensing graph
G is fixed. Our aim is to identify the constraints under which
a given dynamic formation can move while maintaining its
rigidity, i.e., preserving the existing bearings among the agents.
We introduce the instantaneous variation vector δ(t) =
δ (χ(t)) ∈ I¯ that represents a deformation of χ(t) taking place
in an infinitesimal time interval. This vector belongs to the
instantaneous variations domain I¯ := ∏ni=1 Ii whose identity
depends on the space of agent controllable variables through
the agent commands space Ii (resulting from the adopted
dynamic model). Note that for homogeneous formations, it
is Ii = I, and thus I¯ = In. The introduction of δ(t) allows
to describe the bearing measurement dynamics in terms of
configuration deformations. The relation between δ(t) and the
time derivative of the bearing rigidity function, clarified in the
next definition, constitutes the starting point for the study of
the rigidity properties of dynamic formations.
Definition III.9 (Bearing Rigidity Matrix). For a given (dy-
namic) framework (G, χ(t)), the bearing rigidity matrix is the
matrix BG(χ(t)) that satisfies the relation
b˙G(χ(t)) =
d
dt
bG(χ(t)) = BG(χ(t))δ(t). (5)
The dimensions of the bearing rigidity matrix typically
depend on the spaces M¯ and I¯. Nevertheless, one can observe
that the null space of BG(χ(t)) always identifies all the
(first-order) deformations of the configuration χ(t) that keep
the bearing measurements unchanged, following from the
Taylor series expansion of the bearing rigidity function. From
a physical perspective, such variations of (G, χ(t)) can be
considered as sets of command inputs to provide to the agents
to instantaneously drive the formation from the initial state
χ = χ(t) to a final state χ′ belonging to Q (χ).
Definition III.10 (Infinitesimal Variation). For a given (dy-
namic) framework (G, χ(t)), an infinitesimal variation is an
instantaneous variation δ(t) ∈ I¯ that preserves the bearing
measurements bi ∈Mi among all interacting agents.
This definition can be connected to properties of the bearing
rigidity matrix, as presented in the following lemma.
Lemma III.2. For a given (dynamic) framework (G, χ(t)), an
infinitesimal variation is an instantaneous variation δ(t) ∈ I¯
such that δ(t) ∈ ker (BG(χ(t))).
For a given (G, χ(t)), there may be many infinitesimal
variations. However, there exist infinitesimal variations that
hold for any graph. This follows from the next result.
Theorem III.3. Given a (dynamic) framework (G, χ(t))
and denoting as K the complete graph, it holds that
ker (BK(χ(t))) ⊆ ker (BG(χ(t))).
Proof. Since each edge of the graph G belongs to the graph
K, the equations set ker (BG(χ(t))) δ(t) = 0 constitutes a
subset of the equations set ker (BK(χ(t))) δ(t) = 0. Then
δ(t) ∈ ker (BK(χ(t))) implies δ(t) ∈ ker (BG(χ(t))).
In light of Thm. III.3, we introduce the notion of trivial vari-
ations by considering the infinitesimal variations related to the
complete graph K. These ensure the measurement preservation
for each pair of nodes in the formation (χ′ ∈ C(χ)), i.e., the
formation shape preservation.
Definition III.11 (Trivial Variation). For a given (dynamic)
framework (G, χ(t)), a trivial variation is an instantaneous
variation δ(t) ∈ I¯ such that shape of the formation is
preserved.
Trivial variations can also be related to the kernel of the
bearing rigidity matrix.
Lemma III.4. For a given (dynamic) framework (G, χ(t)), a
trivial variation is an instantaneous variation δ(t) ∈ I¯ such
that δ(t) ∈ ker (BK(χ(t))), where BK(χ(t)) is the bearing
rigidity matrix computed for the complete graph K associated
to G.
Thm. III.3 is fundamental for the next definition that con-
stitutes the core of the rigidity theory.
Definition III.12 (Infinitesimal Bearing Rigidity in D¯). A
(dynamic) framework (G, χ(t)) is infinitesimally bearing rigid
(IBR) in D¯ if
ker (BG(χ(t))) = ker (BK(χ(t))) . (6)
Otherwise, it is infinitesimally bearing flexible (IBF).
A framework (G, χ(t)) is IBR if all its infinitesimal vari-
ations are also trivial. Contrarily, a framework is IBF if
there exists at least an infinitesimal variation that warps the
configuration χ = χ(t) in χ′ ∈ Q (χ) /C (χ).
Remark 1. Trivial variations assume a specific physical mean-
ing for non-degenerate formations case leading to a charac-
terization of the dimension of ker (BK(χ(t))) that implies a
(necessary and sufficient) condition to check whether a given
framework is IBR.
5In the rest of the paper, we limit our analysis to the dynamic
framework case, however the time dependency is dropped out
to simplify the notation.
IV. METRIC SPACE REALIZATIONS
This section is devoted to the investigation of bearing
rigidity theory for frameworks embedded in different metric
spaces. In particular, we recast results reported in the literature
with a common notation that will enable a transparent way to
identify their similarities and differences.
A. Bearing Rigidity Theory in Rd
In the following, we focus on (non-degenerate homoge-
neous) formations of n ≥ 3 agents wherein each element
is modeled as a particle point whose (controllable) state
coincides with its position pi ∈ Rd, d ≥ 2 and i ∈ {1 . . . n},
in a common inertial frame FW that is assumed to be known
by all the agents. Such frameworks, studied in [26], represent
a suitable model, for example, for teams of mobile sensors
interacting in a certain (two-dimensional or three-dimensional)
area of interest.
Adopting the framework model, the evaluated formations
can be described by the pair (G, χ), where the configuration
χ ∈ D¯ = Rdn is associated to the position vector p =
[p>1 . . .p
>
n ]
> ∈ Rdn, and the graph G = (V, E) is undirected
since the particle point choice allows to assume bidirectional
agent iterations, meaning that neighboring agents are able
to reciprocally recover bearing measurements. In particular,
considering an arbitrary orientation for G obtaining an oriented
graph, the bearing measurement associated to the (directed)
edge ek = (vi, vj) ∈ E results to be
bk = bij =
pj − pi
‖pj − pi‖ = dijpij = p¯ij ∈ S
d−1, (7)
where pij = pj−pi ∈ Rd, and dij = ‖pij‖−1 ∈ R. Note that
when assuming a common coordinate frame for all agents it
follows that bij = −bji, namely any orientation for G entails
the same amount of bearing information, and thatM = Sd−1.
Exploiting (7), the bearing rigidity function for a framework
(G, χ) embedded in Rdn can be expressed as
bG (χ) = diag(dijId)E¯>p ∈ S(d−1)m, (8)
where E¯ ∈ Rdn×dm is obtained from the incidence matrix
of the (oriented) graph G. The non-degenerate formation
assumption in this case translates into a condition about
the non-collinearity of the bearing measurements, formally
bG (χ) 6= diag(b1I3 · · · bmI3) (1m ⊗ v) , where the vector v
identifies a direction in M and bi ∈ R for i ∈ {1 . . .m}.
Each agent belonging to a formation (G, χ) in Rdn is
characterized by d translational degrees of freedom (tdofs) as
its position can vary over time in a controllable manner. Hence
the instantaneous variation vector can be selected as
δ = δp =
[
p˙>1 . . . p˙
>
n
]> ∈ Rdn. (9)
Thus the variation domain I¯ coincides with Rdn and the
selection (9) corresponds to assuming a first-order model for
the agents dynamics. Furthermore, using (7), we observe that
• •
•
•
•
•
•
• • • •
• •
• • • •
• • • •
Figure 2: Frameworks in Rdn, with d ∈ {2, 3} and n ∈ {3, 4, 6, 8}
- the addition of blue edges makes IBR the IBF systems.
the dynamics of the measurements depend on the position
variation of the interacting agents. Indeed, it holds that
b˙ij = dijP (p¯ij) (p˙j − p˙i) , ∀ (vi, vj) ∈ E . (10)
Combining (5), (9) and (10), the bearing rigidity matrix for
a given framework (G, χ) can be written as
BG (χ) = diag(dijP (p¯ij))E¯> ∈ Rdm×dn. (11)
This coincides with the gradient of the bearing rigidity func-
tion along the positions vector p, i.e., BG (χ) = ∇pbG (χ).
According to Lem. III.2, the null space of the matrix (11)
allows to identify the infinitesimal variations of (G, χ). How-
ever, because of Lem. III.4 and Def. III.12, to check the
infinitesimal rigidity of the framework is necessary to account
also for its trivial variations. Given a (non-degenerate) n-
agents formation (G, χ), it is possible to prove (see Lem. 4
in [26] and Thm VII.1 in Appendix) that its trivial variation
set coincides with the (d+ 1)-dimensional set
St = span {1n ⊗ Id,p} , (12)
describing the translation and uniform scaling of the configu-
ration χ. This result allows to state the following theorem.
Theorem IV.1 (Condition for IBR, Thm. 4 in [26]). A non-
degenerate framework (G, χ) in Rdn is IBR if and only if
ker(BG (χ))=St, or equivalently, rk (BG (χ))=dn− d− 1.
Thm. IV.1 provides a necessary and sufficient condition on
the rank of BG (χ) that can be used to check whether given
formation is IBR in Rdn (see Fig. 2 for some examples).
B. Bearing Rigidity Theory in Rd × S1
Hereafter we deal with (non-degenerate homogeneous) n-
agents (n ≥ 3) formations whose agents (controllable) state
is defined in the Cartesian product Rd × S1, d ∈ {2, 3} (real-
world scenarios), where S1 = {x ∈ R2 | ‖x‖ = 1} is the unit
circle. This is, for instance, the case of teams of unicycle-
modeled ground robots (d= 2) or of standard under-actuated
quadrotors (d=3) whose controllable variables are the position
and the yaw angle. In particular, we assume that each agent
is equipped with an on-board sensor that allows to recover
bearing measurements w.r.t. some neighbors.
In these frameworks, initially studied in [29], [30], each i-
th agent, i ∈ {1 . . . n} is modeled as a rigid body associated
to a local reference frame Fi whose origin Oi coincides
with its center of mass (com). Thus, its (controllable) state
χi corresponds to the vector pi ∈ Rd, that indicates the
position of Oi in the global inertial frame FW , and the angle
αi ∈ [0, 2pi), that specifies the orientation of Fi w.r.t. FW .
6Remark 2. The space S1 is isomorphic to the interval [0, 2pi)
and also to the two-dimensional Special Orthogonal group
SO(2) = {R ∈ R2×2 | RR> = I2, det(R) = +1}. Hence,
when we consider a formation on a plane, i.e., for d = 2, the
orientation of each i-th agent, i ∈ {1 . . . n}, is (completely)
specified by an angle αi ∈ [0, 2pi) that is univocally associated
to a rotation matrix Ri = R (αi) ∈ SO(2). When we account
for the 3D case (d = 3), instead, the matrix Ri = R (αi) ∈
SO(3), belonging to the three-dimensional Special Orthogonal
group SO(3) = {R ∈ R3×3 |RR> = I3, det(R) = 1},
denotes the rotation of angle αi ∈ [0, 2pi) around the arbitrary
(unit) vector n ∈ S2 identifying a unique controllable direction
in FW .
The described formation can be modeled as a framework
(G, χ) embedded in D¯ = (Rd × [0, 2pi))n. In this case, the
configuration χ = {(p1, α1) . . . (pn, αn)} is associated to
both the position vector p =
[
p>1 . . .p
>
n
]> ∈ Rdn and the
orientation vector α =
[
α1 . . . αn
]> ∈ [0, 2pi)n, while the
graph G is directed, since we assume that agents do not have
access to the inertial frame so the gathered measurements
are inherently expressed in the local frames and the sensing
capabilities are not necessarily reciprocal between pair of
agents. Thus, the directed edge ek = (vi, vj) ∈ E refers to
the bearing measurement of the j-th agent obtained by the
i-th agent. However, this can be expressed in terms of the
relative position and orientation of the agents in FW , namely
bk = bij = R
>
i p¯ij ∈ Sd−1, (13)
where p¯ij ∈ Rd is the normalized relative position vector
introduced in (7), and Ri = R(αi) ∈ SO(d) is the rotation
matrix that describe the orientation of Fi w.r.t. FW . Note
that M = Sd−1 as in the previous case, since rotation
transformations applied to vectors preserve the norm, and that,
from (13) and according to Def. III.4, the bearing rigidity
function can be compactly expressed as
bG (χ) = diag(dijR>i )E¯
>p ∈ S(d−1)m. (14)
We observe that each agent belonging to a framework in
(Rd×S1)n is characterized by d tdofs and only one rotational
dof (rdof) that are assumed to be independently controllable.
Hence, the instantaneous variation vector δ belonging to
I¯ = R(d+1)n results from the contribution of two components
related to (first-order) variation of the position and of the
orientation vector, namely δ =
[
δ>p δ
>
o
]> ∈ R(d+1)n where
δp =
[
p˙>1 . . . p˙
>
n
]> ∈ Rdn, δo = [α˙1 . . . α˙n]> ∈Rn. (15)
Remark 3. For d = 2, α˙i corresponds to the variation of the
i-th agent orientation on the plane. For d = 3, it identifies a
variation only along the direction determined by n ∈ S2.
Focusing on the time derivative of the generic bearing
measurement bij ∈ Sd−1 in (13), this results to be
b˙ij =
{
dijR
>
i P (p¯ij) (p˙j−p˙i) +R>i p¯⊥ijα˙i, if d = 2
dijR
>
iP (p¯ij) (p˙j−p˙i) +R>i [p¯ij ]× nα˙i if d = 3,
(16)
where p¯⊥ij = R (pi/2) p¯ij ∈ R2 with R (pi/2) ∈ SO(2)
is the (unit) vector perpendicular to p¯ij on the plane. As
Figure 3: Frameworks in Rdn × S1, with d ∈ {2, 3} and n ∈
{3, 4, 6, 8} - the addition of blue edges makes IBR the IBF systems.
a consequence, according to Def. III.9, the bearing rigidity
matrix can be written as
BG (χ) =
[
D1E¯
> D2E>o
] ∈ dm×(d+1)n, (17)
where E¯ ∈ Rdn×dm, Eo ∈ Rn×m are derived from G and
D1 = diag(dijR
>
i P (p¯ij)) ∈ Rdm×dm if d ∈ {2, 3}, (18)
D2 =
{
−diag(R>i p¯⊥ij) ∈ Rdm×m if d = 2
−diag(R>i [p¯ij ]× n) ∈ Rdm×m if d = 3
(19)
The two matrix blocks in (17) correspond to the gradients of
the bearing rigidity function along vectors p and α, i.e., to
∇pbG (χ) ∈ Rdm×dn and ∇αbG (χ) ∈ Rdm×n respectively.
Accounting then for the null space of the bearing rigidity
matrix in correspondence with K, we observe that when δo =
0 the trivial motions coincide with the translation and uniform
scaling of the entire configuration, and when δo 6= 0, with
the coordinated rotation, namely the equal rotation of all the
agents jointly with the equal rotation of the whole formation
around its center. Moreover, the coordinated rotation subspace3
R	 is formally determined as
R	 =

span
{[
(In ⊗R (pi/2))p
1n
]}
, if d = 2
span
{[(
In ⊗ [n]×
)
p
1n
]}
, if d = 3
, (20)
where the vector 1n ∈ Rn has all the entries equal to one.
Since dim (R	) = 1 for d ∈ {2, 3}, the set including all the
instantaneous variation vectors related to translations, scalings,
and coordinated rotations of a framework, namely
St = span
{[
1n ⊗ Id
0
]
,
[
p
0
]
,R	
}
, (21)
has dimension dim (St) = d + 2. Similarly to the case
investigated Sec. IV-A, the determination of the space (21)
is fundamental for the statement of the next theorem.
Theorem IV.2 (Condition for IBR, Thm. III.6 in [29]). A
non-degenerate framework (G, χ) in (Rd × S1)n with d ∈
{2, 3} is IBR if and only if ker(BG (χ)) = St, or equivalently,
rk (BG (χ)) = (d+ 1)n− d− 2.
Fig. 3 reports some IBR and IBF frameworks in (Rd×S1)n
for d ∈ {2, 3}, omitting the local reference frames for sake of
simplicity.
3This set represents a pure coordinated rotation for (G, χ) only in the case
the com of the framework coincides with the origin of FW .
7C. Bearing Rigidity Theory in SE(3)
Finally, inspired by the recent results in [34], we consider a
(non-degenerate homogeneous) formation of n agents (n ≥ 3)
whose controllable state is given by an element of SE(3),
i.e., of the Cartesian product R3 × SO(3). In addition, we
assume that each vehicle is equipped with a bearing sensor. An
example is given by a swarm of fully-actuated aerial platforms
provided with on-board omnidirectional cameras.
As in Sec. IV-B, according to the rigid body model, each
i-th agent, i ∈ {1 . . . n}, in the considered group is associated
to a local reference frame Fi, and its controllable state χi
corresponds to the pair (pi,Ri) where the vector pi ∈ R3
identifies the position of Oi in the world frame FW and the
matrix Ri ∈ SO(3) defines the orientation of Fi w.r.t. FW .
Remark 4. The Special Orthogonal group SO(3) is not
isomorphic to the 2-sphere S2, but S2 = SO(3)\SO(2).
Intuitively, the 2-sphere can be parametrized using two angles,
while a 3D rotation involves three dofs and can thus be
associates to a triplet of angles (Euler angles representation).
The considered n-agent formation can be modeled as a
framework (G, χ) in D¯ = SE(3)n, where G is a directed
graph according to the motivations illustrated in Sec. IV-B
about the bearing measurement features. The configuration χ
deals with the position vector p =
[
p>1 . . .p
>
n
]> ∈ R3n, and the
(3n × 3) orientation matrix Ra = [R>1 . . .R>n ]> ∈ SO(3)n,
stacking all the agent position vectors and rotation matrices,
respectively. Analogously to the Rd × S1 case, the bearing
measurement of the j-th agent w.r.t. the i-th agent (i.e., the
one associated to the edge ek = (vi, vj) ∈ E) can be expressed
as
bk = bij = R
>
i p¯ij ∈ S2, (22)
where p¯ij ∈ R3 and Ri ∈ SO(3) have the same meaning
provided in Sec. IV-B and it results M = S2. For this reason,
similarly to (14) and according to Def. III.9, the bearing
rigidity function results to be
bG (χ) = diag(dijR>i )E¯
>p ∈ S2m. (23)
Agents whose state corresponds to an element of SE(3)
are characterized by six independent dofs, namely three tdofs
and three rdofs controllable in a decoupled manner. This fact
constitutes the most challenging aspect in the study of the
bearing rigidity theory in SE(3) space.
Remark 5. Since S1 ' SO(2), the analysis in Sec. IV-B
corresponds to case of frameworks in SE(2) = R2 × SO(2)
when d = 2. Passing from the two to the three-dimensional
Special Euclidean space, the controllable tdofs modify from
two to three but the rotational ones raise from one to three. In
addition, the time derivative of a matrix Ri ∈ SO(3) results
to be R˙i = [ωi]×Ri, where ωi ∈ R3 is the angular velocity
of the i-th agent expressed in the global inertial frame FW .
As a consequence, note that the commands space I of each
i-th agent includes its linear velocity p˙i ∈ R3 and its angular
velocity ωi ∈ R3, both expressed in FW .
Given these premises, we can identify the instantaneous
Figure 4: Frameworks in SE(3)n, with n ∈ {3, 4, 6, 8} - the addition
of blue edges makes IBR the IBF systems.
variation vector δ =
[
δ>p δ
>
o
]> ∈ I¯ with I¯ = R6n, where
δp =
[
p˙>1 . . . p˙
>
n
]> ∈ R3n, δo = [ω>1 . . .ω>n ]>∈ R3n. (24)
It is thus possible to prove that the bearing rigidity matrix,
belonging to R3m×6n, turns out to be
BG (χ)=
[
diag(dijR
>
i P (p¯ij))E¯
> −diag(R>i [p¯ij ]×)E¯>o
]
, (25)
since the derivative of the bearing (22) results to be
b˙ij = dijR
>
i P (p¯ij) (p˙j − p˙i) +R>i [p¯ij ]× ωi. (26)
Comparing (25) with (17), we observe that the translation,
uniform scaling and coordinated rotation are trivial variations
also for a framework (G, χ) in SE(3)n, however the concept
of coordinated rotation has to be redefined since the agents
orientation is no longer controllable only via a single angle.
First, note that the angular velocity of each agent can be an
arbitrary vector in R3, resulting from the linear combination
of the (unit) vectors eh ∈ S2, h = 1, 2, 3 that identify the
axes of the frame FW . Hence, we can distinguish three basic
coordinate rotations such that all the agents are rotated in the
same way of the whole formation around eh, h = 1, 2, 3.
Each coordinated rotation of the framework can thus be
expressed as a suitable sequence of basic coordinated rotations,
hence dim (R	) = 3 where R	 is the coordinated rotation
subspace.4 Specifically, it can be proven that [34]
R	 = span
{{[(
In ⊗ [eh]×
)
p
1n ⊗ eh
]}
h=1,2,3
}
. (27)
Therefore, the following set St, such that dim (St) = 7,
St = span
{[
1n ⊗ I3
0
]
,
[
p
0
]
,R	
}
, (28)
includes all the instantaneous variation vectors related to trans-
lation, dilatation and coordinated rotation of the framework,
and the next theorem can be stated.
Theorem IV.3 (Condition for IBR, Thm. 3 in [34]). A non-
degenerate framework (G, χ) in SE(3)n is IBR if and only if
ker(BG (χ)) = St, or equivalently, rk (BG (χ)) = 6n− 7.
Fig. 4 shows some IBR and IBF frameworks in SE(3)n.
V. DISCUSSION ON THE UNIFIED RIGIDITY THEORY
This section proposes a unified view on the bearing rigidity
theory such that a necessary and sufficient condition is pro-
vided to guarantee the IBR property of a given framework
independently of its metric space.
4As in the previous case, this set represents a pure coordinated rotation for
(G, χ) only when the framework com coincides with the origin of FW .
8i-th agent properties n-agents formation properties
D χi M bij I¯ δ IBR condition
Sec. IV-A Rd d ∈ {2, 3} pi ∈ R
d
Sd−1 p¯ij Rdn δp =
[
p˙>1 . . . p˙
>
n
]> rk (BK (χ)) = dn− d− 1(d tdofs + 0 rdofs)
Sec. IV-B R2 × S1 pi ∈ R2, αi ∈ [0, 2pi)
(2 tdofs + 1 rdofs)
S1 R>i p¯ij R
3n
δ =
[
δ>p δo
]>
rk (BK (χ)) = 3n− 4δp = [p˙>1 . . . p˙>n ]>
δo =
[
α˙>1 . . . α˙
>
n
]>
Sec. IV-B R3 × S1 pi ∈ R3, αi ∈ [0, 2pi)
(3 tdofs + 1 rdofs)
S2 R>i p¯ij R
4n
δ =
[
δ>p δo
]>
rk (BK (χ)) = 4n− 5δp = [p˙>1 . . . p˙>n ]>
δo =
[
α˙>1 . . . α˙
>
n
]>
Sec. IV-C R3 × SO(3) pi ∈ R3,Ri ∈ SO(3)
(3 tdofs + 3 rdofs)
S2 R>i p¯ij R
6n
δ =
[
δ>p δo
]>
rk (BK (χ)) = 6n− 7δp = [p˙>1 . . . p˙>n ]>
δo =
[
ω>1 . . . ω
>
n
]>
Table I: Summary of the principal notions related to the bearing rigidity theory in the different domains accounted in Sec. IV-A-IV-C.
A. On the Relation Among Rigidity Properties
First, we focus on the relations between the properties
of bearing rigidity, global bearing rigidity and infinitesimal
bearing rigidity for a given (non-degenerate homogeneous)
formation, modeled as a framework in any metric space D¯. In
particular, we show that, although a GBR framework (G, χ)
is also BR independently on D¯, the inverse implication is not
always true and a BR framework is also GBR only if this is
embedded in D¯ = Rdn, d ∈ {2, 3}. On the other hand, besides
the metric space D¯, an IBR framework (G, χ) is also GBR,
and viceversa, as proved in the next theorem.
Theorem V.1. An IBR framework (G, χ) embedded in any
metric space D¯ is also GBR , and viceversa.
Proof. For any framework (G, χ) the set of infinitesimal vari-
ations can be defined as Vinf = {δ |χ′ = f(χ, δ) ∈ Q(χ)},
where χ′ is the configuration resulting from the application of
the instantaneous input δ to χ accounting for the agents dy-
namics. Similarly the set of trivial variations can be expressed
as Vtrv = {δ |χ′ = f(χ, δ) ∈ C(χ)}.
According to Def. III.8, for a GBR framework (G, χ) it holds
that C(χ) = Q(χ) and this trivially implies Vinf = Vtrv,
namely (G, χ) is also IBR. Conversely, the equivalence of Vinf
and Vtrv guaranteed by infinitesimal bearing rigidity entails
C(χ) = Q(χ). Ab absurdo, indeed, consider χ′ ∈ Q(χ) such
that χ′ /∈ C(χ). Then there exists δ ∈ Vinf such that δ /∈ Vtrv
but this is in contrast with IBR hypothesis.
A consequence of Thm. III.1 and Thm. V.1 is that an IBR
framework (G, χ) is also BR, independently of D¯. All the
derived considerations are represented in Fig. 5.
As previously introduced, for frameworks embedded in Rdn,
d ∈ {2, 3}, the bearing rigidity property implies the global
bearing rigidity property. In this case, indeed, it is possible
to prove that a framework (G, χ′) is BE (BC) to (G, χ) if
and only if its corresponding position vector p′ belongs to the
null space of BG (χ) (BK (χ)) and that for a BR framework
(G, χ) it holds that ker (BG(χ)) ⊆ ker (BK(χ)) (Thm. 1 and
Thm. 3 in [38]). These two facts imply that a framework
(G, χ) in Rdn is GBR if ker (BG(χ)) = ker (BK(χ)), hence,
because of Thm. III.3, the bearing rigidity property ensures the
global rigidity property. In addition, one can observe that the
requirement on the null spaces equivalence for global bearing
rigidity property coincides with the definition of infinitesimal
rigidity property provided in Def. III.12. Hence, a GBR
BR GBR
IBR
(a) Rd
BR GBR
IBR
(b) Rd × S1 and SE(3)
Figure 5: Rigidity properties for non-degenerate frameworks.
framework in Rdn is also IBR and viceversa accordingly to
Thm. V.1. To conclude, it is trivially also valid that a BR
framework in Rdn is also IBR and viceversa, namely for
the metric space D¯ = Rdn, d ∈ {2, 3} bearing rigidity,
global bearing rigidity and infinitesimal bearing rigidity are
equivalent properties. This fact is depicted in Fig. 5(a).
Remark 6. The implication from BR to GBR in Fig. 5(a)
rests upon the fact that for a framework (G, χ) in Rdn it
holds that p ∈ ker(BG (χ)) being p ∈ Rdn the (controllable)
position vector associated to the configuration χ. Modeling the
agents in the group as rigid bodies, i.e., accounting for D¯ =
(Rd × S1)n, d ∈ {2, 3}, and D¯ = SE(3)n, the (controllable)
configuration state comprises also an orientation component,
namely the vector α ∈ Rdn and the matrix Ra ∈ SO(3)n,
respectively. For D¯ = (Rd × S1)n, d ∈ {2, 3}, it is easy to
check that
[
p> α>
]> /∈ ker(BG (χ)) when α 6= 0dn×1 (i.e.,
αi 6= 0∀i ∈ {1 . . . n}), whereas for D¯ = SE(3)n a similar
check can not be performed because of dimensions matter.
B. On the Structure of the Rigidity Matrix
According to Sec. IV and the existing literature, given
a framework (G, χ) embedded in an arbitrary metric space
D¯, the dimensions of the associated bearing rigidity matrix
depend on both the measurement and instantaneous variation
domains, whose identity in turn relies on D¯ itself. However, in
the following, we derive a general form for BG(χ) accounting
for the fact that D¯ ⊆ SE(3)n. Moreover, we provide a general
condition to check if a generic (non-degenerate homogeneous)
formation modeled as a framework in D¯ is IBR. To this end,
hereafter, we make explicit the variables time dependence.
First, one can observe that a generic agent, whose control-
lable state is described by an element in the arbitrary space
D ⊆ SE(3), can always be interpreted as a rigid body acting
in the 3D space with eventually limited actuation capabilities.
At each time instant t ≥ 0, this is thus always characterized
9D pi Ri Dp Do
R2
[
pxi p
y
i 0
]> R (αi,03×1) = I3 diag(dijI>3 P (p¯ij)) diag(I>3 [p¯ij ]× 03×3)
R3
[
pxi p
y
i p
z
i
]> R (αi,03×1) = I3 diag(dijI>3 P (p¯ij)) diag(I>3 [p¯ij ]× 03×3)
R2 × S1 [pxi pyi 0]> R (αi, e3) diag(dijR>i P (p¯ij)) diag(R>i [p¯ij ]× [03×2 e3])
R3 × S1 [pxi pyi pzi ]> R (αi,n) ,n = ∑3h=1nheh diag(dijR>i P (p¯ij)) diag(R>i [p¯ij ]× [03×2 n])
SE(3)
[
pxi p
y
i p
z
i
]> R (αi, βi, γi, {eh}3h=1) diag(dijR>i P (p¯ij)) diag(R>i [p¯ij ]× I3)
Table II: Particularization of the structure of the bearing matrix defined in (30)-(32) for the metric spaces considered in Sec. IV.
by a position pi(t) ∈ R3 and orientation Ri(t) ∈ SO(3)
(i.e., a pose) w.r.t. FW . Nonetheless, since D ⊆ SE(3), the
controllable agent state χi may not necessary coincide with the
whole pair (pi(t),Ri(t)), meaning that the agent can vary its
pose only partially since its controllable dofs are less than six.
Given these premises, it is straightforward that M¯ ⊆ S2m
and I¯ ⊆ R6n. Hence, accounting for the most general case,
the instantaneous variation vector can be defined as
δ(t) =
[
δ>p (t) δ
>
o (t)
]> ∈ R6n, (29)
distinguishing the contribution deriving from the variation of
the agents position (δ>p (t) ∈ R3n) and orientation (δ>o (t) ∈
R3n). Note that when D¯ ⊂ SE(3)n and then I¯ ⊂ R6n, the
vector δ(t) presents some zero components corresponding to
non-controllable dofs. Accounting for (29), the bearing rigidity
matrix of an arbitrary framework (G, χ(t)) embedded in D¯ can
thus be partitioned into two blocks, i.e.,
BG(χ(t)) =
[
Dp(t)E¯
> Do(t)E¯>o
] ∈ R3m×6n, (30)
where E¯, E¯o ∈ R3n×3m are derived from the (time-invariant)
incidence matrix of the graph G. In addition, it holds that
Dp(t) = diag(dij(t)R
>
i (t)P (p¯ij(t))) ∈ R3m×3m, (31)
Do(t) = −diag(R>i (t) [p¯ij(t)]×V) ∈ R3m×3m, (32)
where dij(t) ∈ R and p¯ij(t) ∈ R3 have been introduced in
Sec. IV and V ∈ R3×3 is the (time-invariant) matrix defining
the agent rotation directions in 3D space.
In order to prove the validity of expression (30)-(32), we
account for the realizations addressed in Sec. IV. Tab. II
summarizes the results of the following discussion. Time
dependency is dropped out again for easing the readability.
a) D¯ = Rdn, d ∈ {2, 3}: the controllable state of each
i-th agent, i ∈ {1 . . . n}, in the group coincides only with its
position, while its orientation is assumed to be time-invariant,
i.e., a fixed constant. From a mathematical perspective, this
means that Ri(t) = R(αi(t),03×1) = I3, using the axis-angle
representation R(·, ·) of a 3D rotation, and that V = 03×3. It
is straightforward that Do(t) in (30) results to be a null matrix,
while Dp(t) corresponds to the bearing rigidity matrix (11).
b) D¯ = (Rd × S1)n, d ∈ {2, 3}: it is suitable to distin-
guish between the metric spaces R2 × S1 = SE(2) and
R3 × S1. Indeed, in the first case Ri(t) = R(αi(t), e3)
assuming that the formation evolves on the {e1e2}-plane,
while in the second one Ri(t) = R(αi(t),n) according to
Rmk. 2. As a consequence, V =
[
03×2 e3
]
for d = 2 and
V =
[
03×2 n
]
for d = 3. Moreover, one can easily check that
[p¯ij(t)]×
[
03×2 e3
]
=
[
03×2 p¯⊥ij(t)
]
and [p¯ij(t)]×
[
03×2 n
]
=[
03×2 [p¯ij(t)]× n
]
. Thus, we conclude that the expression (30)
can be reduced to the bearing rigidity matrix reported in (17).
c) D¯ = SE(3)n: when D¯ = SE(3)n, each agent is char-
acterized by six independently controllable dofs. Specifically,
it can vary its orientation in any direction of the 3D space,
namely Ri(t) = R({αi(t), βi(t), γi(t)}, {eh}3h=1) meaning
that Ri(t) results from the composition of three consecutive
rotations, one around e1 of an angle αi(t), one around e2 of
an angle βi(t) and one around e3 of an angle γi(t), according
to a suitable sequence. Therefore, it trivially holds V = I3
and the matrix BG(χ(t)) in (30) corresponds to that in (25).
Remark 7. It is necessary to make a clarification about the
identity of P(p¯ij) in Tab II. Indeed, when the cases D¯ = R2n
and D¯ = (R2 × S1)n are taken into account, with abuse of
notation, we refer as P(p¯ij) the 3×3 matrix whose 2×2 left
up block corresponds to the orthogonal projector of p¯ij ∈ R2
computed according to (3), while the other entries are zero.
In the light of these facts, we finally provide a spectral
condition on the bearing rigidity matrix that guarantees the
infinitesimal rigidity of the corresponding framework, inde-
pendently of the metric space D¯. We denote with c ≤ 6
the total number of controllable dofs of each agent within
a certain formation, then the next result holds and its validity
is guaranteed by Thm. IV.1, Thm. IV.2 and Thm. IV.3.
Theorem V.2 (Condition for IBR). A non-degenerate homo-
geneous framework (G, χ) in D¯, where each agent has c ≤ 6
controllable dofs is IBR if and only if rk (BG (χ)) = c n−c−1.
C. Example: Heterogeneous Formation Case Study
The discussion carried out in Sec. V-B about the structure
of the rigidity matrix turns out to be useful for the case of
heterogeneous formations made up of agents having different
actuation capabilities, i.e., controllable variables. Remarkably,
in the case of interconnections between heterogeneous sets of
agents, rigidity properties may emerge joining the different
sets, while being not originally present in the disjoint configu-
rations: in practice, a rigid formation may be obtained through
the connection of non-rigid components.
In the following, accounting for the case study in Fig. 6(a),
we show how the unified framework may be applied to
investigate the rigidity properties of a formation involving
both fully-actuated aerial platforms and unicycle-modeled ter-
restrial robots. In particular, this consists of n = 4 agents,
distinguished into two sets: the set T of the terrestrial robots
(UGVs) with |T | = 3, and the set A of aerial platforms
(UAVs) with |A| = 1. The controllable state of each vehicle
in T belongs to the metric space R2 × S1 = SE(2), while
the state of the UAV in A evolves in SE(3). We assume that
the agents are able to retrieve relative bearing measurements
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Figure 6: Sensing graphs for a heterogenous formation K = G1∪G2:
(a) Graph K; (b) UGVs subgraph G1; (c) UAV subgraph G2.
expressed in their local frames according to the depicted
complete graph K, hence the evaluated formation is IBR.
For the non-degenerate configuration in Fig. 6, the rank
of the rigidity matrix BK(χ) ∈ R36×24, whose structure
is reported in Fig. 7, results to be rk (BK (χ)) = 13, and
consequently it follows that null (BK (χ)) = 11. We now
recall that the null-space of the rigidity matrix identifies
the infinitesimal variations of the framework. In this setting,
insight into the actual actuation capabilities of the agents allow
to distinguish between the true variations and what we term
virtual variations of the framework. Indeed, we can identify
the trivial variations set St with dim(St) = 5 consisting of
the translation of the whole formation both along the x and
y-axis of the world frame, its coordinated rotation around the
z-axis of FW , and its scaling that requires two consecutive
deformations, i.e., the expansion/contraction of the formation
and a lift maneuver imposed by the the ground constraint
of the terrestrial robots. On the other hand, the set Sv of
virtual variations such that dim(Sv) = 6, coincide with the
(unfeasible) rotations of the UGVs around their x and y-axis,
and are related to the zero columns in BK(χ).
Finally, we note that the heterogeneous formation in Fig. 6
results from the union of two sensing graphs, each one corre-
sponding with the measurements obtained by either the UGVs
(G1) or the UAV (G2), as in Figs. 6(b) and 6(c). Focusing on
the infinitesimal rigidity of the resulting two frameworks, we
can observe that any rotation of the UAV is an infinitesimal
variation for (G1, χ), and similarly, any rotation of the UGVs is
an infinitesimal variation for (G1, χ), concluding that the two
frameworks are not IBR differently from their union (K, χ).
VI. ON DEGENERATE FORMATIONS
In this section we briefly discuss the degenerate forma-
tions case, focusing on the bearing-preserving variations set.
According to Def. III.2, a formation composed of n ≥ 3
univocally placed agents is degenerate if all the agents are
collinear, i.e., for any k-th component of the position vectors,
k ∈ {1 . . . d}, it exists c ∈ R such that pki = cpkj for each
pair (vi, vj) of agents in the group. Under this hypothesis,
we can observe that the shape uniqueness is guaranteed for
a larger set of infinitesimal variations w.r.t. that described
in the previous sections. Although this statement is valid
independently from the space D¯ of interest, in the following
we distinguish between the three cases previously treated.
a) D¯ = Rdn, d ∈ {2, 3}: for a formation composed of
n agents, controllable in Rd, d ∈ {2, 3}, and aligned along
a certain direction identified by the unit vector v ∈ Sd−1
a
→
t
t
→
a
t
↔
t
m
ea
su
re
m
en
ts
t a t a
agents
Dp(t)E¯
> Do(t)E¯>o
Figure 7: Structure of the bearing rigidity matrix for the framework
in Fig. 6(a). Dark squares indicate non-null values of the matrix.
the bearing measurements are collinear, namely bG (χ) =
diag(b1I3 · · · bmI3) (1m ⊗ v) , with bi ∈ R for i ∈ {1 . . .m}.
Thus, these are preserved despite the displacement of any
agent along the direction specified by v and the translation
of the whole formation in the subspace W of Rd orthogonal
to v. Hence the trivial variation set5 coincides with Sdt =
span {In ⊗ v,1n ⊗W} where W ∈ Rd×(d−1) is a matrix
whose columns represent a basis for W . Trivially, Sdt has
dimension n+ (d−1) > d+ 1 = dim(St), with St as in (12).
b) D¯ = (Rd×S1)n, d ∈ {2, 3}: for a n-agents formation
acting in (Rd × S1)n, the bearing measurements are retrieved
in the local agents frame. Additionally, each agent has a
(controllable) rdof allowing rotations only around the direction
of n ∈ S2 when d = 3. To analyze the degenerate situation in
which all the agents are aligned along the direction identified
by the unit vector v ∈ Sd−1, it is necessary to distinguish
between the following cases: (i) d = 2, or d = 3 and n 6= v,
(ii) d = 3 and n = v. For a degenerate formation satisfying
conditions (i), the bearing measurements are preserved when
the whole agents group translates along any direction in the
(d−1)-dimensional subspaceW ⊆ Rd orthogonal to v, when a
coordinated rotation is performed according to the definition
given in Sec. IV-B, and also when any agent moves along
the alignment direction. Therefore, the trivial variation set Sdt
is spanned by n + (d − 1) + 1 elements. In case (ii), the
dimension of Sdt increases since the formation is not required
to perform a coordinated rotation to preserve the bearings:
also the rotation of any agent around the axis identified by
n = v ensures the measurements maintenance. Hence, we get
dim(Sdt ) = 2n+(d−1). Note that in both cases (i) and (ii) the
trivial variation set has dimension grater w.r.t. non-degenerate
5Note that the uniform scaling of the formation corresponds to suitable (not
equal) translations of all the agents along the direction v ∈ Sd−1.
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case for which dim(St) = d+ 2 according to (21).
c) D¯ = SE(3)n: when the space of interest is D¯ =
SE(3)n, we figure out that for the degenerate case in which
the n agents are aligned along the direction identified by the
unit vector v ∈ S2, bearings are preserved when any agent
translates or rotates along the direction of v and when the
whole formation performs a translation or a coordinated rota-
tion around any direction in the (two-dimensional) subspace
W ⊆ R3 orthogonal to v. The trivial variation set has thus
dimension 2n+ 4 > 7 = dim(St) with St as in (21).
In general, we can observe that for every metric space D¯ it
occurs that dim(Sdt ) > dim(St).
VII. CONCLUSIONS
This work focuses on the bearing rigidity theory applied
to multi-agent systems whose elements are characterized by
a certain number of both tdofs and rdofs. As original contri-
bution, we propose a general framework for the definition of
the main rigidity properties without accounting for the specific
controllable agents state domain. Moreover, we summarize the
existing results about bearing rigidity theory for frameworks
embedded in Rd, in Rd × S1 with d ∈ {2, 3} and in SE(3).
For each case, the principal definitions are provided and the
infinitesimal rigidity property is investigated by deriving a
necessary and sufficient condition based on the rigidity matrix
rank. In addition, we provide a necessary and sufficient con-
dition to check IBR property of a given system independently
on its metric space. This arises from the derivation of a unified
structure of the rigidity matrix that does not rest on the specific
agents domain but exploits the fact that D ⊆ SE(3).
ACKNOWLEDGEMENT
We would like to thank Marta Pasquetti (Amminex Emis-
sions Technology), Antonio Franchi (LAAS-CNRS, University
of Toulouse), Paolo Robuffo Giordano (CNRS, University of
Rennes, Inria, IRISA) and Shiyu Zhao (Westlake University)
for their numerous suggestions and valuable comments.
APPENDIX
Theorem VII.1. For a (non-degenerate framework (K, χ)
in Rdn, d ∈ {2, 3}, it holds that ker (BK (χ)) = St, or
equivalently, rk (BK (χ)) = dn−d−1, where St corresponds
to the trivial variation set (12).
Proof. The bearing rigidity matrix associated to (K, χ) is so
that the k-th row block, corresponding to ek = (vi, vj) ∈ EK
with i < j6, has the following form where 0p×q is the (p× q)
zero matrix and Bij = dijP (p¯ij) ∈ Rd×d[
0d×d(i−1) −Bij 0d×d(j−i−1) Bij 0d×d(n−j)
]
. (33)
For d = 2, Bij = d3ijrijr
>
ij , with rij = [p
y
ij − pxij ]> ∈ R2,
where pxij , p
y
ij ∈ R are the (scalar) components of vector pij ∈
R2 along the x-axis and y-axis of the global inertial frame,
respectively. Note that Bij is neither zero nor full-rank, hence
the k-row block (33) has unitary rank. For this reason, for
6For undirected graph, it is always possible to choose a suitable edges
labeling ensuring the desired requirement.
each edge ek = (vi, vj) ∈ EK with i < j, we consider the
next opportunely scaled version of (33),[
01×2(i−1) −r>ij 01×2(j−i−1) r>ij 01×2(n−j)
]
, (34)
obtaining the matrix B (n) ∈ R((n−1)n/2)×2n. This has the
same rank of BK (χ) but lower dimensions, so hereafter, we
consider B (n) instead of BK (χ) and we prove thesis by
induction on the number n of agents in the formation.
Base case: n = 3
We aim at proving that rk (B (3)) = 3. To do so, observe that
B (3) =
−r>12 r>12 01×2−r>13 01×2 r>13
01×2 −r>23 r>23
 ∈ R3×6 (35)
is full-rank whether the agents are not all collinear. Because
of non-degenerate formation hypothesis the thesis is proved.
Inductive step: n = n¯
Note that, given a set of n¯ agents, for each subset containing
n¯− 1 elements, it is possible to partition B (n¯) so that
B (n¯) =

B (n¯− 1)
01×2
...
01×2
r>1n¯ 01×2 . . . 01×2
01×2
. . .
...
...
. . . 01×2
01×2 . . . 01×2 r>(n¯−1)n¯
−r>1n¯
...
...
−r>(n¯−1)n¯

 1stblock 2
nd
block
(36)
where the first block has (n¯− 1) (n¯− 2) /2 rows related to
the edges incident to the first n¯− 1 agents, while the second
block has n¯ rows related to the edges connecting the n¯-th
agent with the first n¯− 1 agents. For inductive hypothesis the
thesis holds for n¯ − 1 ≥ 3, i.e., rk (B (n¯− 1)) = 2n¯ − 5,
thus, the first block of B (n¯) in (36) contains 2n¯− 5 linearly
independent rows. Moreover, there are at least two agents, for
instance the i-th and j-th agent, that are not aligned with the
n¯-th agent, hence it does not exist c ∈ R such that rin¯ = crjn¯
and the rows related to the edges (vi, vn¯), and (vj , vn¯) are
linearly independent w.r.t. the rows of the first block. B (n¯)
has thus at least 2n¯− 3 linearly independent rows, and, since
rk (B (n¯)) ≤ 2n¯ − 3 for Lem. 4 in [26], then it must be
rk (B (n¯)) = 2n¯− 3 concluding the proof for the case d = 2.
When d = 3, the matrix Bij in (33) turns out to be
Bij = d
3
ij

(
pyij
)2
+
(
pzij
)2 −pxijpyij −pxijpzij
− pyijpxij
(
pxij
)2
+
(
pzij
)2 −pyijpzij
− pzijpxij −pzijpyij
(
pxij
)2
+
(
pyij
)2
 (37)
where pxij , p
y
ij , p
z
ij ∈ R are the (scalar) components of vector
pij ∈ R3 along the x-axis, y-axis, and z-axis of the FW ,
respectively. The proof for this case thus follows the same
inductive reasoning performed for d = 2.
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